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Abstract. Let M be a connected, noncompact, complete Riemannian manifold, consider the 
operator L = A + VV for some V £E C 2 (M) with exp[V] integrable w.r.t. the Riemannian vol- 
ume element. This paper studies the existence of the spectral gap of L. As a consequence of the 
main result, let p be the distance function from a point o, then the spectral gap exists provided 
linip^oo sup Lp < while the spectral gap does not exist if o is a pole and lim^^cx, inf Lp > 0. 
Moreover, the elliptic operators on M. d are also studied. 



1. Introduction 

Let M be a <i-dimensional, connected, noncompact, complete Riemannian manifold, and 
let M be either M or an unbounded regular closed domain in M. Next, consider L = A+W 
for some V G C°°(M) with Z := f M exp[V]dx < oo. Let dfx = Z~ x exp[y]dx be defined on 
M. The spectral gap of the operator L (with Neumann boundary condition if dM ^ 0) is 
characterized as 

Ai = inf { ^p^7)2 : / e C l (M) n L 2 (p),f ^ constant}. (1.1) 

We say the spectral gap of L exists if Ai > 0. From now on, we assume that L is regular in 
the sense that C^°(M) is dense in W 1,2 (M, d/j.) with the Sobolev norm || • ||l 2 (^) + II V- ||l 2 (/x)- 
According to Wangt 12 ! and Chen-Wangt 3 ! , we have Ai > provided the Ricci curvature 
is bounded below and Hessy is uniformly negatively definite out of a compact domain. 
Actually, the recent work by the author [14] shows that this condition implies the logarithmic 
Sobolev inequality which is stronger than the existence of spectral gap. Moreover, [13] 
proved that the logarithmic Sobolev inequality is equivalent to an exponential integrability 
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of the distance function square, which naturally refers to the negativity of Hessy along the 
radial direction. 

On the other hand, we know that the spectral gap may exist if the distance function 
itself is exponential integrable. For instance, let M = [0, oo) and L = — c£p, c > 0, then 
(see [4; Example 2.8])Ai=c 2 /4>0. From this we may guess that the existence of spectral 
gap, unlike the logarithmic Sobolev inequality, essentially depends on the first order radial- 
direction derivative of V rather than the second order derivative. This observation is now 
supported by Corollary 1.4 in the paper. 

Our study is based on the fact that Ai > is equivalent to inf a ess (—L) > 0, where 
a ess (—L) denotes the essential spectrum of — L (with Neumann boundary condition if dM ^ 
0). To see this one need only to show that is an eigenvalue with multiplicity 1, equivalently, 
for any / G L 2 (p) with Lf = and vf\dM = ( where v denotes the inward unit normal 
vector field of dM when it is nonempty), one has / is constant. This is a consequence of a 
result in Sturm [10]. 

Next, for fixed o G M, let p(x) be the Riemannian distance function from o. For r > 0, 
let B r = {x G M : p(x) < r} and = M \ B r . by Donnely-Li's decomposition theorem 
(see [5]), one has inf cx ess (— L) = lim r ^oo A c (r), where 

A c (r) = inf{M|V/| 2 ) : / e C 1 (M),^(/ 2 ) = 1,/ = on B r }. 
Thence, Ai > is equivalent to A c (r) > for large r. More precisely, we have the following. 
Theorem 1.1. (1) If p(B r ) > 0, then 

Ai < X c (r)/fi(B r ). (1.2) 

(2) Let X(R) be the smallest positive Neumann eigenvalue of —L on Br. If A c (r) > 0, 
then 

A > X c (r)X(R)p(B R )(R - r) 2 - 2X(R)(1 - y(B R )) 
1 " i?> P r 2A( J R)( J R-r) 2 + A c (r)( J R- r)^(B R ) + 2p(B R ) ' 1 ' ] 

We now go to estimate the quantity A c (r). For D > 0, define 

7(r) = sup Lp(x), C(r) = / 7(s)ds, r > D. 

p(x)=r,xfcut(o) J D+l 

Here and in what follows, the point x runs over M. 

Theorem 1.2. Suppose that there exists D > such that either dM C Bo or up < on 
dM n [B C D \ cut(o)). For any r > D and positive function f G C[r , oo), we have 
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A c (r ) > mf /(t)|£exp[-C(r)]rfr^ °exp[C( S )]/( S )(fe} . (1.4) 
Consequently, we have Ai > provided there exists positive f G C[D + 1, oo) such that 



sup -jj-r / exp[-C(r)]dr / exp[C(s)]f(s)ds < oo. (1.5) 

\ t ) JD+l Jr 



t>D+l f(t) J D+1 

We remark that the assumption in Theorem 1.2 holds if either dM is bounded or o E M 
and M is convex. Especially, for the case M = [0, oo) and o = 0, we have C(r) = V(r). By 
[4; Theorem 2.1], if /' > then 

Ai > inf /'(t)exp[C(t)]| exp[C(s)]f(s)ds^ . (1.6) 

Hence, the second assertion in Theorem 1.2 can be regarded as an extension of [4; Theorem 
2.1] to Riemannian manifolds. 

Corollary 1.3. Under the assumption of Theorem 1.2. We have Ai > if 

poo 

sup exp[— C(t)] / exp[C(s)]ds < oo. 
i ■/> • l Jt 

Consequently, Ai > provided + £) + {r)dr < oo for some e > 0. 

Now, it is the time to state the result mentioned in the abstract. 

Corollary 1.4. (1) Under the assumption of Theorem 1.2. We have Ai > provided 
lim r ^oo sup p ( x ) =r x ^ cut( - ) Lp{x) < 0. 

(2) Suppose that dM is bounded and o is a pole. If lim^oo inf p ( x ) =r Lp(x) > 0, then 
Ai = 0. 

Remark. 1) The first part of Corollary 1.4 follows from Corollary 1.3 directly. It was pointed 
out to the author by the referee that this can also be proved by using Cheeger's inequality 
(c.f. [1]), the argument goes as follows. Define the isoperimetric constant by 

_. A(dttn interior (M)) 
hr ~ MO) ' 

where O runs over all bounded open subset of and A denotes the measure on 90 induced 
by fx. Then, one has A c (r) > 

Next, let v be the inward normal vector field of 90. Noting that vp < on dM n 90, 
we obtain 
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A(dQ H interior (M)) > / vpdA - / vpdA > / vpdA = - Lpdp, 

Jon JdnndM Jon Jn 

where Lp is understood in distribution sense in the case that cut(o) 7^ 0. Then, under the 
condition we have linv^oo A c (r) > 0. 

2) The proof of Corollary 1.4 (2) is based on the following upper bound estimate (c.f. [9; 
Proposition 2.13]): 

Ai < ^ sup{e 2 : p(exp[ep\) < 00}. (1.7) 

This estimate can be proved by taking the test function f n = exp[e(p A n)/2] and then 
letting n — > 00, refer to the proof of Theorem 3.2 below. 

The proofs of the above results are given in the next section, and along the same line, 
the spectral gap of elliptic operators on R d is studied in section 3. 

2. Proofs 

Proof of Theorem 2.1. We prove (1.2) and (1.3) respectively. 

a) The proof of (1.2) is modified from Thomas [10] which studies the upper bound of the 
spectral gap for discrete systems. 

For any e > 0, choose f s E C X (M) with f e \ Br = such that p(f 2 ) = 1 and p(\Vf £ \ 2 ) < 
e + A c (r). Noting that p(f s ) = p(f e l B ^ < vffi, we have p(f 2 ) - p(f s ) 2 > p(B r ), then 

M|V/ £ | 2 ) e + X c (r) 
1 " M/l) - M/ e ) 2 " KBr) ' 
This proves (1.2) by letting e | 0. 

b) Next, we go to prove (1.3). It suffices to show that for any / G C 1 (M) with n{f 2 ) = 
1, p(f) = and any R> r, 

2 X%r)X(R)p(B R )(R - r) 2 - 2X(R)(1 - p(B R )) 
^ UVJI } ~ 2X(R)(R-r) 2 + X c (r)(R-r) 2 p(B R ) + 2p(B R )- [ " } 

Let a = p(f 2 l BR ). Noting that p(f) = 0, we obtain 



X(R) 



MB H (|V/| 2 ) > PB R (flB R ) ~ HB R {flB R f = 



> 



a 



p(b r ) p(B R y 

(l-a)(l-p(B R )) a + p(B R )-l 



KBr) 



KB R f 
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where \ib r = (J, / n(B r) . This implies 



Next, define 



MIV/I 2 ) > -^(a + /i(B fl )-l) =: 9l (a). (2.2) 



if p(x) < r, 
if p{x) > R, 
p ^j_~ r , otherwise. 




Then //* = on {x G M : p(x) = r}. By the definition of A c (r), 
Therefore, 



By combining (2.2) with (2.3) we obtain 

M|V/| 2 )> inf max{^(e),^(e)}. (2.4) 

e€[0,l] 

Since gi(s) is increasing in s while (72 (s) is decreasing in s, the above infimum is attained 

at 

A c (r)/2 + A( J R)(l- »(B R ))/»(B R ) 

£0 



A(i?)MS R ) + A-(r)/2+l/(^-r) 2 

which solves gi(e) = (72(e)- Then //(|V/|) > gi(eo) = ^2(^0) which is equal to the right-hand 
side of (2.1). □ 

Proof of Theorem 1.2. For any m > r , let fi m = B m \ B ro . Since L is regular, 

A c (r ) = lim A (O m ), (2.5) 

m^oo 

where Ao(O m ) denotes the smallest eigenvalue of — L on fi m with Neumann condition on 
interior(<9M fl dQ m ) and Dirichlet condition on the remainder of dVt m . Let u(> 0) be the 
corresponding eigenfunction. Define 



F(t)= exp[-C(r)]dr / exp[C(s)]/(s)ds, te[r ,m]. 

J ro J r 



6 



FENG-YU WANG 



We claim that there exists c(m) > such that u(x) < c(m)F(p(x)) on fi m . Actually, 
since |Vw| is bounded on fi m , it suffices to show that u = on S := {x G <90 m : p{x) = r }. 
If there exists Xq G S such that u{xq) > 0, then xq G interior(<9M fl S) by the bound- 
ary conditions. This means that v{xq) = Vp(xo) which contradicts the assumption that 
vp(x ) < 0. 

Next, let c := inf t > ro f(t)/F(t), and let Xt be the L-diffusion process with reflecting 
boundary on dB m . By the assumption and the Ito's formula for p(x t ) (see [7]), we have, 
before the time r := {t > : p(xt) = ro}, 

dp(x t ) = y/2db t + Lp(x t )dt - dL t , x G O m , (2.6) 

where bt is an one-dimensional Brownian motion, Lp is taken to be zero on cut(o) and L t 
is an increasing process with support contained in {t > : Xt G cut(o) UdB m }. Noting that 
Lp(xt) < r ){p{xt)) for ^ cut(o), by (2.6) and Ito's formula we obtain 

dF o p(x t ) < V2F' o p(x t )d6 t - f(x t )dt 

< V2F' o p(a: t )d6 t - cF o p(x t )dt. 

This then implies 

E X F o p(x tAr ) < F o p(x) exp[-ct]. 

Let t' = inf{t > : x t G 90 m \ dM}, we have r' < r and u(x t A T >) < u(x t A r). Noting that 
E x u(xtAT') = u(x) exp[— Ao(fi m )^], we obtain 

u(x) exp[— A (O m )t] < c(m)E x F o p(xt A r) < c(m)F o p(x) exp[— ct]. 

This implies A (m) > c for any m > r . Therefore, A c (r ) > c. □ 

It was pointed out by the referee that there is an equivalent analysis proof of Theorem 1.2 
(refer to [6; Lemma 1.1]). Let F and u be as in above with J Q u 2 = 1, then LFop < —cFop 
on fi m in the distribution sense. Let / = u/F, then / is bounded as was shown in the proof 
of Theorem 1.2. We have ufvF < on <9fi m since vp < on dM and « = 0on dfl m \ dM. 
Therefore, by Green's formula, we obtain 
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Ao(^m) = — uLud/j = — I uL(fF)dn 

= - I [ufLF + uFLf + 2u{Vf, VF)]dfi 

> c I [ufF + (V(/F 2 ), V/) - 2u(V/, VF)]d/i + / [uFuf]dA 
= c+ f |V/| 2 Fd^+ I [uuu-ufuF]dA>c. 

Here, we have used the fact that uvu = by the mixed boundary condition. 

Proof of Corollary 1.3. The prove of the first assertion is essentially due to [4]. Under the 
condition we have 

/oo 
exp[C(s)]ds < cexp[C(£)], t>D + l 

for some constant c > 0. This implies (see [4; Lemma 6.1]) 

f°° c 

/ exp[es + C(s)]ds < - exp[C(t) + et], e E (0, c" 1 ). 

Jt 1 — ce 

By taking f(r) = exp[r/(2c)] in (1.4), we prove the first assertion. 

Next, if there exists e > such that c\ := /^_ 1 (7 + e) + ds < oo. Let C £ (r) = C(r) — 
f D+1 {l + e) + (s)ds. Then C' £ (r) = j(r) - (7 + e)+(r) < -e. Therefore, 

/oo poo 
exp[C(s)]ds < exp[-C e (£)] J exp[C e (r) + ci]dr 

/oo 
exp[C e (t) -e(r-t) + Cl ]dr 

= exp[ci]/e < 00. 
Hence Ai > by the first assertion. □ 

Remark. ^From (1.3) we may derive explicit lower bounds of Ai. For instance, assume that 
Br is convex for any R, let K > be such that Ric— Hessy > —K. We have! 3 ] 

X(R) > exp [KR 2 /2] - (2.7) 

Next, if limj-^oo sup7(r) < 0, let (3{r) = inf s > r (— 7(s)) + , by taking /(£) = exp[/?(r)£/2] in 
(1.4), we obtain 
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A c (r) > inf exp 

t>r 


Mr)t 
2 


( ft POO 

\l ds l exp . 


> inf exp 

t>r 


-p(r)f 
2 


{/ ds / exp . 



f3{r)u 
2 

(3(r)u 



+ 



7(i> )dv 
— (3(r)(u — s) 



du 
du 



-l 



(3{rf 



(2.8) 



Here, in the second step, we have assumed that (3{r) > so that 7(f) < —(3(r) for v > r. 
Then the estimate A c (r) > /3(r) 2 /4 is true for any r since (3{r) is nonnegative. The explicit 
lower bound of Ai then follows from (1.3), (2.7) and (2.8). 

Proof of Corollary 1.4 (2). Suppose that dM C Bd- Under the polar coordinate at o, we 
have x = (r, £) for r = p{x) and ^ G S d_1 , the (d — 1) -dimensional unit sphere which is 
considered as the bundle of unit tangent vectors at o. Under this coordinate, the Riemannian 
volume element can be written as da; = g(r, £)drd£ and Ap = -^p(logg(r^))\ r=p . Suppose 
that lim^oo inf p ( x ) =r Lp > 0. Then, for any e > there exists 77 > D such that 

— log<7(r,£) > - £ - - foV(r,£), r> n . 

This implies 



g{r,£) > g(r u ^)exp 
> cexp 

for some constant c > 0. Therefore 



__( r _ ri )_V( r ,£) + K( ri ,fi 



r > r\ 



p(ex.p[ep]) > \ 



[D,oo)xS d 



expfer + V(r, Q]g(r, £)drd£ 



> c 



exp 



[ri,cx))xS <i - 1 



drd^ 



00. 



By (1.7), we have Ai = 0. □ 



Remark. 1) According to the above proof, the function p in Corollary 1.4 (2) can be replaced 
by the distance from any bounded regular domain such that the outward-pointing normal 
exponential map on the boundary induces a diffeomorphism. See e.g. Kumura [8] for some 
discussions on such manifolds. 
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2) In general, for any r > D > 0, let 

Sf = {£ G : exp[s£]|[ , r ] is minimal and exp[s£] G M, s G [-D,r]}. 

Then S^ 3 is nonincreasing in r. Let z/ = d£ be the standard measure on § d_1 , the assumption 
of Corollary 1.4 (2) can be replaced by: there exists D > such that 

lim exp[er] = oo for any e > 0. (2.9) 

3. Spectral gap for elliptic operators on M d 

This section is a continuation of [2] and [4] in which the lower bound estimates are studied 
for the spectral gap of elliptic operators on R d . 

Consider the operator L = Y^i j=i a ij( x )didj + Ei^i^W^i where di = -£^-,a(x) := 
(dij(x)) is positively definite, a^- G C 2 (R d ) and bi = J2j=i( a ijdjV + dj a ij) f° r some F G 
C 2 (lR d ) with Z := J exp[V]dx < oo. The specific form of b implies that L is symmetric with 
respect to dfi = Z~ l exp[V]da;. In the present setting, the spectral gap of L is described as 

Ai(a, V) = inf{^((aV/, V/)) : / G C 1 ^), //(/) = 0, ^(/ 2 ) = 1}. (4.1) 

Moreover, we assume that L is regular in the sense that Cg°(K d ) is dense in W 1 ' 2 (R d ,dn) 
with the Sobolev norm || • ||l 2 (a0 + II V ( a V-, 'V-)\\l 2 (h)- 

Obviously, if a > al for some constant a > 0, then Ai(a, V) > aAi(J, V). From this one 
may transform the present setting to the manifold case. But this comparison only works for 
the case a is uniformly positively definite, and it will lead to some loss if a is very different 
from /, see e.g. Examples 3.1 and 3.2 below. Hence, it should be worthy to study L directly 
as in previous sections. 

Define 



, , r(tr(a(x)) + (b(x), x)) 1 

7(r) = sup — 



\x\=r 
f r 



(a(x)x,x) r 

r i 

C{r) = / 7(s)ds, a(r) = inf —^{a(x)x,x), r > 0. 
Ji \x\=r r z 

The main result in this section is the following. 

Theorem 3.1. // there exists positive f G C[l, oo) such that 



sup-J- f exp[-C(r)]dr [°° exp[C( S )}^ds < oo, (3.2) 
t>i f[t) J 1 J r a{s) 
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then Ai > 0. 



Proof. For g G C 2 



(R), we have 



Lg(\x\) =- — Tg (|a;| 2 tr(a(x)) + \x\ 2 (b(x), x) — (a(x)x,x))g'(\x\) 



+ -r—r^{a(x)x,x)g"(\x\), \x\ > 0. 



For positive / G C[l, oo) with exp[C(r)]^Wdr < oo, let 



</(*)= f exp[-C(r)]dr f°° exp[C(s)] ^ds. 




Then 



MN) < -/(N), |x|>i. 



Therefore, the proof of Theorem 1.2 implies that A c (l) > provided (3.2) holds, then 
Ai > 0. □ 

Remark. Theorem 3.1 remains true for unbounded regular domains with bounded boundary. 
As for the unbounded boundary case, for the estimation of A c (r), one has to consider the 
normal vector field induced by the metric (di,dj) = (a _1 )ij, this will cause difficulty for 
general a. 

For the case M = [0, oo), one has 7 = ^, a = a. Then, by Theorem 3.1, we have Ai > 
if there exists positive / G C[l, 00) with /' < such that 



This is just the condition in [4; Theorem 2.1]. Therefore, Theorem 3.1 is the exact extension 
of [4; Theorem 2.1] to high dimensions. 

Next, the following examples shows that Theorem 3.1 can be better than comparing a 
with a constant matrix. 

Example 3.1. Take a(x) = (1 + \x\ 2 ) a I,b(x) = 0, a > (1 + d)/2. Then L is regular. It is 
easy to see that V = — alog(l + \x\ 2 ). Noting that a > /, by the comparison procedure, we 
may consider the operator L = A — VV. But by (1.7) the spectral gap of L does not exists 
since /i(exp[e|a;|]) = 00 for any e > 0. Hence the comparison procedure does not work for 
this example. 

On the other hand, one has a(r) = (1 + r 2 ) a , 7(7-) = ^=^,C(r) = r d ~ x . Take / = we 




(3.3) 



obtain 
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/ exp[-C(r)]dr [ exp[C(s)]44ds < 2 / r 3/2 " 2a dr < Af(t) 
Ji J r Jl 

since 2a > 1 + d. By Theorem 3.1 we have Ai > 0. 

Example 3.2. Take a(x) = \ X \ +1 I, V{x) = — \x\ 2 for \x\ > 1. Then the comparison procedure 
does not apply. Now we go to check the condition of Theorem 3.1. Obviously, a(r) = 
T ^,(6(x),x) = - IT ^ F -gi.Then 

d — 1 1 Cir d_1 

7(r) = 2r, exp[C(r)] = exp[— 4r 2 ], r > 1 

r 1 + r ' r + 1 

for some c\ > 0. Take f(r) = r 1_d exp[— r + 4r 2 ], there exists c 2 > such that 

1 [ l f°° 1 [ l 1 + r 

y^y J exp[-C(r)]dr J exp[C(s)]f(s)ds<c 2 j^J exp[-r + 4r 2 ]^ r dr 

which goes to C2/8 as t — > 00. Therefore, Theorem 3.1 implies that Ai > 0. 

Finally, we present an upper bound estimate as (1.7). 
Theorem 3.2. Let (3(r) = sup| x | =r -^{a(x)x, x), we have 



Ai < - sup < e 2 : u{ exp e / — dr ) < 00 >. 



Proof. Let /i(r) = J Q r * ds. If /i(exp[£/i(|x|)]) = 00, we go to prove Ai < e 2 /4. Let 
f(x) = exp[|(/i(|x|) A n)], n > 1. By (3.1), we have 

£ 2 ^(/ 2 ) 

Al ^ 4W/»)-M/) a )" <i4) 
Next, for any m > 1, choose r m > such that //({/i(|x|) > r m }) = 1/m, we have 

K l {\x\>r m }f 2 ) 1/2 > Vm^{\x\>r m }f) > Vm^(f) - Vmexp[eh(r m )/2]. 

Then 

M/) 2 < (^/Kn/V^ + ^V [eh(r m )/2]) . (3.5) 
Noting that /u(/ 2 ) — > 00 as n — > 00, by combining (3.4) with (3.5), we obtain 

£ 2 

Ai < 77-, m>l. 

4(1 — 1/m) 
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Therefore, A x < e 2 /4 since m is arbitrary. □ 
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